We propose a generalization of Gysin maps for DM-type morphisms of stacks F → G that admit a perfect relative obstruction theory E • F/G . We prove functoriality properties of the generalized Gysin maps. As applications, we analyze Gromov-Witten invariants of blow-ups and we give a short proof of Costello's push-forward formula.
Introduction
Given a map f : F → G of DM-stacks that admit virtual classes in the sense of [2] one would like to have a morphism f ! : A * (G) → A * (F ) that sends the virtual class of G to the virtual class of F . This suggests one should look for a generalized version of Gysin pull-backs. The idea is to try to "treat f as if it was regular" whenever this is possible. It will be seen that in some cases this expectation is hopeless, although the virtual codimension of F in G is always constant. It should be said that the idea is not entirely new, although we did not find this approach in the literature. The main inspiration point was the "functoriality property of the Behrend-Fantechi class" in [12] . Also, a similar denotes the moduli stack of n-pointed stable maps of genus g to X of class β (see [4] ).
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Construction 2.1 Generalized Gysin pull-backs
Let f : F → G be a DM-type morphism of algebraic stacks and, moreover, let us assume F is a DM-stack. In this section, we define a pull-back morphism A * (G)
f ! E → A * (F ) depending on some vector bundle stack E, in the same way as in [5] Chapter 6, but we replace the condition "f is regular" by a weaker condition. Precisely, if C F/G denotes the normal cone stack to f introduced in [14] , we require the following ⋆ there exists a vector bundle stack E, and a closed immersion C F/G ֒→ E.
Let us recall the basic definitions. Definition 1. A morphism f : F → G of Artin stacks is called of DeligneMumford type (or shortly of DM-type) if for any morphism V → G, with V a scheme, F × G V is a Deligne-Mumford stack.
Let us now give Kresch's definition of C F/G . We refer at [14] , section 5.1. where the author treats the case f is representable and locally separated. As remarked in [12] , proof of Proposition 1, the construction copies for f of DM-type. Let us briefly sketch the construction. Let f : F → G be a DM-type morphism of Artin stacks. Then one can construct a commutative diagram (not unique)
where U and V are schemes, the vertical arrows are smooth surjective and the top arrow U → V is a closed immersion. Let now R := U × F U and S := V × G V with p 1 , p 2 : R → U and q 1 , q 2 : S → V be the obvious projections. Moreover, U and V in diagram (1) can be taken such that the natural map R → S is a locally closed immersion. Therefore, this map gives rise to a normal cone C R/S (see [18] ). Let s 1 , s 2 be the maps obtained by composing
where the first ones are induced by the maps
In a completely analogous manner one can define a groupoid [N R/S ⇉ N U/V ], where N R/S , N U/V are the normal sheaves (see e.g. [2] section 1, for the definition of the normal sheaf of a closed embedding and see below for locally closed embeddings). This groupoid defines a stack that we denote N F/G .
Definition 2.
We call the cone C F/G the normal cone of f and N F/G the normal sheaf of f .
Let us now compare these objects with the ones in [2] . Let us first recall the definitions. Definition 3. Let f : F → G be a DM-type morphism and let L F/G ∈ ob D(O F ) be the cotangent complex. Then we denote the stack h 1 /h 0 (L F/G ) ∨ by N F/G and we call it the intrinsic normal sheaf. We denote by C F/G the unique subcone of N F/G that for any diagram (1) with U → Fétale, C F/G |U = [C U/V /f * T V /G ] and we call it the intrinsic normal sheaf.
The following Lemma in probably well-known to experts, but as we did not find it in the literature, we give a detailed proof for completeness. Lemma 1. The cone stack C F/G of Definition 2 is canonically isomorphic to the intrinsic normal cone C F/G of Definition 3.
Proof. We divide the proof in several cases. In what follows we use the notation "=" for canonical isomorphisms. Case 1. If f is a closed embedding of schemes the statement is trivial.
Case 2. If f is a locally closed embedding of stacks, then N F/G and C F/G are obtained by descent on F (see [18] ) and hence it suffices to check the statement locally. This shows the statement follows by the first case.
Case 3. If f factors as
with i a locally closed embedding and M a smooth scheme, then N F/G = N F/W /i * T M . Let us take U , Vétale covers of F and G × M such that U → V is a closed embedding of schemes. Then, it suffices to show we have an isomorphism
compatible with the groupoid structure. For this, we see the first term is isomorphic to p * i * T M × N U/V × N F /W N U/V and using V → W isétale we obtain the first term is isomorphic to p * i * T M × N U × F U/V . On the other hand, we know by the previous case that
Case 4. In general, we show N F/G = N F/G . The proof is very similar to Case 3, above. Let us first give an explicit description of N F/G . For this, we take W to be a smooth atlas of G and U an affine atlas of F × G W . Taking M a smooth scheme such that U embeds in M , we obtain diagram (1). Now, the diagonal map g : U → G is as in Case 3 above and therefore
In order to analyze the lower triangle, we consider the distinguished triangle
of relative cotangent complexes. As p : U → F is smooth it is easy to see that we are in the conditions of Proposition 2.7 in [2] and thus we get a short exact sequence of intrinsic normal sheaves
By (3) and (4), in a similar way as before we get local isomorphisms. Moreover, the same equations (3) and (4) give a smooth morphism of abelian cone stacks N U/V → N F/G and in a completely analogous fashion we get morphisms of abelian cone stacks
This shows we obtain a morphism of abelian cone stacks
Since as remarked above, this morphism is a local isomorphism, we obtain an isomorphism
we obtain an isomorphism of groupoids and therefore the conclusion.
Case 5. By Case 4 above, it is enough to check that C F/G is canonically isomorphic to the relative intrinsic normal cone C F/G locally. For this, we look at the groupoid [C U/V × G V ⇉ C U/V ] with the two maps obtained by replacing F with U . It is easy to see that N U/V × G V is isomorphic to N U/V ×f * T V /G . Via this isomorphism, the two maps defining the groupoid are the projection and the natural action off
Remark 1. By the above Lemma we are allowed to identify the normal cone to a morphism with the intrinsic normal cone. In particular, the above Lemma shows that Definition 2 is independent of the choice of U and V in diagram 1. Although normal cones are cone stacks, we will use for simplicity the notation C F/G instead of C F/G . Theorem 1. Let F → G be a DM-type morphism of Artin stacks. One can define a deformation space M • F G → P 1 (i.e. a flat morphism) with general fibre G and special fibre the normal cone C F/G . Moreover, for any cartesian diagram
Proof. By [14] in the representable locally separated case (or [15] for locally closed immersions) and by [12] for the DM-type case.
Example 1. (i) Let G be a DM-stack, E a vector bundle on G and G → E the zero section. Let V be anétale atlas of G and E V the pull-back of E to V , then we can construct a commutative diagram as above and
→ G be a DM-type morphism and p : E → G a vector bundle on G. If i : G → E is the zero section, then we have a morphism of distinguished triangles corresponding to f and i respectively
.
Using p instead of i we obtain in the same way a morphism
To show it is an isomorphism it suffices to show the statement locally. As we may assume G is an affine scheme, it is easy to see
, where E stays in degree −1 and therefore we reduced the problem to showing the triangle
is distinguished. But this follows trivially from the definition of the mapping cone. This shows that
(iv) Let F → G be a smooth morphism of DM-stacks. Let W be anétale atlas of F . Then we can take U = V := W . As above, locally the normal cone C F/G is given by W/T W/G , that is a vector bundle stack.
(v) Let X f → Y be a morphism of smooth schemes. Then, U and V above can be taken to be X and X × Y as below
where π 2 is the projection on Y . It is then easy to see that the normal cone is [N X/X×Y /T X ] that is a vector bundle stack.
be a cartesian diagram of Artin stacks with f of DM-type. Then, there exists a closed immersion
Proof. By either [2] Proposition 7.1 or [14] .
Remark 2. Theorem 1 shows that whenever G is purely dimensional of dimension r, C F/G is again purely dimensional of dimension r.
Construction 1.
Let F be a DM-stack and F f → G be a DM-type morphism of algebraic stacks. Given a vector bundle stack E of (virtual) rank n on
The first map is defined on the level of cycles by σ(
and is a consequence of Lemma 1 (see [14] ). The second map is just the push-forward via the closed immersion i and the last is the morphism of [14] , Proposition 5.3.2. Going further, for any cartesian diagram is precisely the Gysin pull-back. We remark that the pull-back depends on the chosen bundle. For example, if E is a bundle satisfying condition (⋆) we can construct i ! E⊕E ′ , where E ′ is any other vector bundle. These morphisms will be obviously different from each other.
Remark 4. If X → Y is a smooth morphism of schemes, then by Example 1 (iv) C X/Y is a vector bundle stack and hence we can construct its generalized Gysin pull-back. We will show later that our definition agrees with the usual flat pull-back.
Obstruction Theories
The purpose of this section is to produce non-trivial examples. Precisely, when the normal cone of F → G is not a vector bundle stack we will find under extra assumptions a vector bundle stack that contains it. By a relative obstruction theory we mean a relative obstruction theory in the sense of [2] .
→ G is a DM-type morphism and there exists a perfect relative obstruction theory E • F/G , then condition (⋆) is fulfilled. Proof. By Lemma 1, the normal sheaf N F/G is nothing but N F/G . On the other hand we know that
, Proposition 2.6.). Our condition on the relative obstruction theory ensures E F/G is a vector bundle stack ([ibid.]).
Construction 2.
Let us now assume F and G are DM-stacks and have relative obstruction theories with respect to some smooth Artin stack M.
Let us denote them by
Similarly, ϕ gives rise to a distinguished triangle
hence we have a morphism of distinguished triangles that induces the following morphism in cohomology
We know that the first vertical arrows are surjective and by the definition of obstruction theories we get by a simple diagram chase that E • F/G is also an obstruction theory.
Example 2. A special case of this construction is when F → G is a locally closed immersion and G is taken to be smooth over M. Then,
into a perfect obstruction theory concentrated in degree −1 and consequently E into a vector bundle.
Remark 5. The condition we impose seems to be very restrictive. For example if we consider M g,n (X, β) i → M g,n (P r , i * β) the above construction applies without further conditions only in genus zero because in general h −2 (E M g,n(X,β)/M g,n(P r ,i * β) ) might not vanish. In general, the relative obstruction theory induced by i will not be perfect in higher genus. Let us consider P r ֒→ P r × P s . Then we have an induced map 0) ). A simple argument (see 4.2) shows that the dual relative obstruction theory we obtain is R • π * f * N P r /P r ×P s . We have that the normal bundle N P r /P r ×P s is isomorphic to O ⊕s P r . Since the map H 0 (O ⊕s P r ) → H 1 (O ⊕s P r ) is obviously not surjective for g ≥ 2, the (dual) relative obstruction theory will never be perfect. sends the virtual class of G to the virtual class of F . As remarked in the previous example, the situation is particularly nice when G is taken to be smooth over M.
Example 3. The basic case.
In the notation above, let us suppose G is smooth and F i ֒→ G is a closed substack and there exists a morphism f * L G ϕ → E • F . For simplicity we take M to be Spec k. Then we have
Proof. As G is smooth, the intrinsic normal cone C F defined in [2] is nothing
Moreover, i * L • G can be represented by a complex concentrated in 0 and E • F/G by a complex concentrated in −1. By abuse of notation, we will indicate the corresponding sheaves by i * L G and E F/G respectively.
Taking the long exact cohomology sequence of the exact triangle (5), we
Thus we have the diagram with cartesian faces
that is another way of saying that the morphism A * (E F ) → A * (F ) factorizes through A * (E F/G ) as follows:
virt .
For the second statement, we just have to note that by our definition 
Generalization
Restricted virtual pull-backs. As we already remarked, perfect relative obstruction theories are not likely to exist in general. However, if we restrict ourselves to a smaller group, then under fair assumptions we can still define a pullback. Let us make this precise. Let F , G be DM-stacks as in Corollary 4, that admit perfect obstruction theories to some (smooth) Artin stack M and let us denote the image of the virtual pull-back f !
Then we define the restricted virtual pull-back f ! :
Basic properties
Once we have defined a "pull-back", we want to show it has the usual properties. Due to the geometric properties of the normal cone (1), the proofs follow essentially in the same way as the ones in [5] . The fact that our pullback defines a bivariant class is analogous to Example 17.6.4 in [5] . The only point we need to be careful at is the functoriality property, where we need a compatibility condition between the vector bundle (stacks) that replace the normal bundles.
Theorem 2. Consider a fibre diagram of Artin stacks
and let us assume f is a DM-type morphism and E is a vector bundle stack of rank d that satisfies condition (⋆) for f .
Proof. (i) It is enough to show that the diagram of groups commutes
where Q is the map induced by the map between the deformation spaces Remark 6. As remarked before, the generalized Gysin pull-back is welldefined for smooth pull-backs. Let us show that the two definitions agree. By (i) above, it is enough to prove the claim for α = [G], for which it follows trivially by construction.
Theorem 3. (Commutativity) Consider the fiber diagram of Artin stacks
Let us assume f and g are morphisms of DM-type and let E and F be vector bundle stacks of rank d, respectively e that satisfy condition (⋆) for f , respectively g. Then for all α ∈ A k (G ′ ),
Proof. Using Theorem 2 we may assume α = [G ′ ]. We see that the pull-
Vistoli's rational equivalence (see [14] or [15] )
. This equivalence pushes forward to A * (p * q * E ⊕ v * u * F) and therefore the conclusion.
Corollary 2. In notations as in Construction 2, f defines a bivariant class in the sense of [5] , Definition 17.1.
Proof. By Corollary 2, all we need to do is to use the projection formula for bivariant classes in [18] . 
Remark 7. As in Construction 2, if there is a morphism
compatible with the corresponding morphism between the cotangent complexes, then ψ determines a complex E • F/M that fits in a distinguished triangle as above. Moreover, E • F/M defines a relative obstruction theory. If
Lemma 3. Consider a fibre diagram
with f a morphism of DM-type, F a vector bundle stack and F ′ its pullback to G ′ . Let us assume there exists a vector bundle stack E ′ that satisfies condition (⋆) for f . Then
Proof. For the first part it suffices to show that
The equality follows in the same way as in [ibid.] Let us notice that by theorem 2 (i) and the homotopy property for vector bundle stacks ( [13] ) we may assume α to be represented by F ′ and G ′ can be taken to be irreducible. Now, the problem reduces to
If π 1 : E → p * E ′ and π 2 : E ′ → F ′ are the natural projections, then we have by the above
Combining the three equalities we get equality (6) above, and therefore the conclusion.
Theorem 4. (Functoriality) Consider a fibre diagram
Let us assume f , g and g • f have perfect relative obstruction theories E ′• , E ′′• and E • respectively and let us denote the associated vector bundle stacks by E ′ , E ′′ and E respectively.
Proof. We argue as in the proof of Theorem 1 in [12] (or Theorem 6.5 of [5] ).
In the same way as in the proof of the previous lemma M ′ may be assumed irreducible and reduced and α = [M ′ ].
Consider the vector bundle stacks: ρ : E → F , π : E ′′ → G and σ :
Let us now look at the cartesian diagram
From the definition of the pull-back we know that
and by the previous lemma
The construction respects equivalence in Chow groups and so we are reduced to showing
in A * F ′ .
Introduce the double deformation space
over {0} × P 1 (see [12] , proof of Theorem 1). Restricting to this special fibre and considering the rational equivalence on the second P 1 we see that
). In a completely analogous fashion there exists a double deformation space
. If we consider the map w :
the general fibers of M and M ′ are related by the cartesian diagram
is a closed immersion and consequently we can push forward relation (8) 
). Now, by Proposition 1, in [12] , we have a morphism
where
in D(F × P 1 ) and c(u) its mapping cone. Here we denoted by T and U the homogeneous coordinates on P 1 . Let us consider the closed immersion
. Then pushing forward via w * i the equivalence relation we have in A * (w
), we obtain the equivalence relation (8) 
Let us now use the notation of Construction 2. Consider the morphism
The morphism of distinguished triangles in Definition 5 gives a morphism of distinguished triangles
over F ′ × P 1 . Dualizing and taking h 1 /h 0 of the map w * c(v) → w * c(u), we obtain a morphism of Picard stacks
is a closed immersion. Therefore, we can push forward the rational equivalence (8) on w * h 1 /h 0 (c(v) ∨ ) that is a vector bundle stack on F ′ × P 1 . The fact that the above map between cone stacks is a closed immersion follows from Prop 2.6 in [2] and the fact that the maps in cohomology induced by the vertical maps in the above diagram are isomorphisms in degree 0 and surjective in degree −1.
Let us now conclude the proof. We have obtained [
respectively F ′ × {1}. As the map
does not depend on i we deduce equality (7).
Corollary 4. In the notation of Construction 2, let us suppose we have a commutative diagram
Proof. By the definition of virtual classes we have
Moreover, by the construction of E F/G we are in the hypotheses of Theorem 4 and therefore
The two equations above show that f !
Remark 8. Let us consider a cartesian diagram of DM stacks
virt . This is a version of Proposition 5.10 in [2] and Theorem 1 in [12] . The advantage is that looking at obstruction theories is much easier than looking at cotangent complexes, that in general are difficult to compute.
Applications
In this section we collect some applications of the virtual pull-back we defined. We take the ground field to be C.
Pulling back divisors
Let P be a convex variety and d ∈ A 1 (P) be the class of a curve. If X i ֒→ P is an embedding of smooth projective varieties, then i induces a morphism
be a boundary divisor in M g,n (P, d) that comes with a virtual class obtained by pull-back along the obvious forgetful morphism
and analogously we have a boundary divisor 
Indeed, in genus zero the obstructions are compatible and in higher genus the claim is tautological.
Remark 9. The above shows that for any X ֒→ P pulling-back the WDVV equations on M g,n (P, d) gives the WDVV equations on M g,n (X, d). In particular, it is hopeless to expect we can compute the rational GWI of X with K X "negative enough" for any arbitrary X (see for example [7] , Chapter 3) by simply "pulling back" relations from M g,n (P, d) (see for example [7] , Proposition 1.3.10).
Blow-up
Let X be a smooth r-dimensional projective variety, Y ⊆ X a smooth r ′ -codimensional subvariety and p :X → X the blow-up of X in Y , with exceptional divisor E.
Definition 6. For every blow up p :X → X and every class β ∈ A 1 (X) we call the class p ! β the lifting of β and we denote it byβ.
Remark 10. The lifting of β satisfies two basic properties that follow trivially from the projection formula, namely p * β = β andβ · E = 0.
Lemma 4. The moduli space of stable maps toX of classβ and the moduli space of stable maps to X of class β have the same virtual dimension.
Proof. By [5] we know that
and therefore the virtual dimension of M g,n (X,β) is
Proof. The proof is a straightforward generalization of [6] , Proposition 2.2. Let us sketch here the argument for completeness. Since P is convex the stack M 0,n (P, β) is smooth of expected dimension d. Let Z 1 , ..., Z k the connected components of M 0,n (P, β). As M 0,n (P, β) has expected dimension d we have
for some α i ∈ Q. If we show that p is a local isomorphism around a generic point C := (C, x 1 , ..., x n , f ) ∈ Z i for some 1 ≤ i ≤ k then by [6] we have
Let us suppose that for some generic C ∈ Z i , p −1 (C) is not a point. As C is generic, we may assume that C is irreducible. Then f (C) must intersect the blown up locus and the subscheme M of M 0,n (P, β) consisting of such maps must have dimension d. But P is convex and Y has codimension at least two, hence M has codimension at least 1. This leads to a contradiction. Proposition 1. Let X be a smooth projective subvariety of some smooth projective convex variety P and Z a smooth subvariety of P, such that X and Z intersect transversely. Then for any non-negative integer n and any β ∈ A 1 (X) with liftingβ ∈ A * (X)
the normal bundle of X in P then E • M 0,n (X,β)/M 0,n (P,i * β)
is (R 0 π * ev * N X/P ) ∨ viewed as a complex concentrated in −1. By Construction 2 and Corollary 4, we have i
For the upper inclusion, we argue again by cohomology and base change. The 3-terms relative obstruction we are interested in is
In order to prove it is perfect we compare it with p * E • M 0,n (X,β)/M 0,n (P,i * β)
, that we already know is perfect. The first ingredient is p * N X/P = NX /P . Then, all we need to show is p * (R i π * ev * N X/P ) = (R i π * ev * p * N X/P ) (10) in the derived category of M 0,n (X,β). As usual, we replace ev * N X/P by a quasi-isomorphic complex of vector bundles on M 0,n+1 (X, β), K such that R i π * K is again a complex of vector bundles (see [1] ). But now R i π * p * K = p * R i π * K, therefore we can conclude equality (10) holds. Finally, we apply Proposition 2 (iii) and we get
On the other hand, p is proper and Proposition 2 (i) gives
On the left hand side we can apply Proposition 5 and we obtain
Gathering all together, equations 9, 11, 12 translate in
The projection formula gives the following Corollary.
Corollary 5. Let X and Y as above, and let γ ∈ A * (X) ⊗ n be any n-tuple of classes such that codim(γ i ) = vdimM 0,n (X, β). Then, IX 0,n,β (p * γ) = I X 0,n,β (γ). 
E F/M
1 = f * E G/M 2 .
